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a. Sketch the trees in F.

Parent[d) || 7|8 |8|7]|14|0|1|8|-16 |3 |14 4| -1 3 3 0 1
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c. Given the state of Parent[0 : 16] in part (b), show the state of Parent[0 : 16] after an invocation of
Find(Parent|0 : 16],4) and sketch the trees in F'.

Parent[d) || 7|8 |8|7]|14|0|1|8|-16 |3 |14 4| -1 3 3 0 1

State and prove a generalization for k-ary trees:

a. Given that the depth of a complete binary tree T;, is given by
d(Ty,) = |logan].

If T is a complete k-ary tree, then the number of nodes, n, we have

n < l4+k+-+k

kd+1l 1
k-1
nk—1) < kit
log,(n(k—1)) < d+1
log,(n(k—1)—-1 < d

And since d, the depth of the tree, is an integer, we can take the ceiling of that expression as our
answer.

c. For any k — tree, we will have k leaves for each internal node. Thus, proposition 4.2.3 states for
2-trees that
I(T)=L(T)-1
This could be equivalently written for a 2-tree, where k = 2
I(T) = L(T)-1 _ L(T)-1

1
That holds for the base case, and

[(T) = X1

holds in the general case of k — trees
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a. Trace the action of procedure Kruskal for G.
Implemented with Graph ADT, Priority Queue ADT, Forest ADT using Parent array, Collection of

Disjoint Node sets.

Step 0: Initial Conditions

7 0 1 2| 3| 4| 5 6 7
Parent[d| || -1 |-1|-1]|-1]-1]-1]-1]|-1
Node sets || {0},{1}{2}.{3}.{4},{5}{6}.{7}
Selected edge || {}
Step 1: Select edge 5-6 between Nodes
i 0 1 2| 3| 4| 5|6| 7
2 Parentli] |-1|-1|-1|-1|-1|-2|5]-1
Node sets | {0},{1},{2},{3},{4},{5.,6},{7}
Selected edge | {5-6}
Step 2: Select edge 0-5 between Nodes
2 v |0 1 21 3| 4| 56| 7
G a Parent[i] | 5-1|-1|-1|-1|-3|5]|-1
9 Node sets | {1},{2},{3}.,{4},{0,5,6}.{7}
@ Selected edge | {0-5}
Step 3: Select edge 4-3 between Nodes
2 110 1 23| 4| 5|6 7
O OROY porent] |31 |14 |2| 3|5 -1
9 Node sets | {1},{2},{3,4},{0,5,6},{7}
@ a Selected edge | {4-3}
Step 4: Select edge 5-1 between Nodes
2 1101 23| 4| 5|6 7
O OROW porent] |35 | -1 |4 | 2|4 |5 |-
213 Node sets | {2},{3,4},{0,1,5,6},{7}
@ a a Selected edge | {5-1}
Step 5: Select edge 4-2 between Nodes
2 110123 4| 5|6 7
O OIS O¥ porent] |35 4| 4| 3| 4|5 |1
213 Node sets | {2,3,4},{0,1,5,6},{7
Q a a a Selected edge | {4-2}
Step 6: Select edge 0-7 between Nodes
2 110123 | 4| 5|67
o= , 0, porent] |35 | 4] 4|3 | 4|5 | 0
213 Node sets | {2,3,4},{0,1,5,6,7}
Q a a Selected edge | {0-7}
3
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Step 7: Select edge 5-4 between Nodes

10| 1]2|3|4] 5|6|7
Parent[i] | 55|44 |5|-5]5]|0
Node sets | {0,1,2,3,4,5,6,7}
Selected edge | {5-4}
1| 0| 12| 3| 45| 6|7
Nearestli] | 4| 0| 7|00 | 0| 3|00 | 9
Parentld] | 1 |-1 | 1| -| -|1] -|1
InTheTreeli) |F | T|F | F| F|F | F|F
Weight | 0
1|1 0] 12| 3|4|5|]6]|7
Nearest[i] | 2| 0| 7| | 6| 3|29
Parent[i) | 5|-1| 1] -|5] 1|51
InTheTreeli)| | F | T|F| F|F|T|F|F
Weight | 3
1| 0 1| 2 34| 5|67
Nearestfi] | 2| 0| 7T |0 | 6| 3| 2| 3
Parent[i) | 5|-1| 1| -| 5| 1|50
InTheTreeli) | T| T|F| F|F|T|F|F
Weight | 5
1| 0] 12| 3|4|5|6]|7
Nearest[i] | 2| 0| 7T|oc0| 6| 3| 2| 3
Parent[d] | 5|-1| 1| -| 5| 1| 5|0
InTheTree[i) | T| T|F| F|F | T|T|F
Weight | 7
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Stage 5
1| 0| 1] 2 3/ 4|5|6)|7
Nearestfi] | 2| 0| 7T |0 | 6| 3| 2] 3
Parent[d) | 5|-1| 1| -| 5| 1| 5|0
InTheTreeld) | T| T|F| F|F|T|T|T
Weight | 10
1|1 0] 1|2|3|4|5|6]|7
Nearest[i] | 2| 0| 3| 2| 6| 3| 2] 3
Parent[i] | 5|-1| 44| 5| 1] 5|0
InTheTreefi) | T| T|F|F | T|T|T|T
Weight | 16
1| 0| 1|21 3| 4|5| 6|7
Nearestli] | 2| 0] 3| 2| 6| 3| 2| 3
Parent[i)| | 5|-1| 4| 4| 5| 1| 5|0
InTheTreeld) | T| T|F|T|T|T|T|T
Weight | 18

After stage 7, array Parent is now complete and implements
a minimum spanning tree with weight 21.
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Trace the action of procedure Dijkstra for the following digraph with initial vertex r = 2.

Stage 1
1| 0 1 23] 4|5
Dist[i] | 00 |13 | 0| 3|0 | 9
Parent[i) | -] 2|-1] 2| -] 2
InTheTreeli)| | F| F| T |F | F |F
Total Distance | 0
1| 0 1| 2|3|4]|5
Distli] |0 |13 | 0] 3| 4] 9
Parent[i| | -] 2|-1] 2| 3] 2
InTheTreelil| | F| F| T |T|F |F
Total Distance | 3
1| 0 1| 23] 4]|5
Dist[i] | c0o |13 | 0| 3| 4| 8
Parentld] | -| 2|-1| 2| 3|4
InTheTreefil| | F| F| T |T|T|F
Total Distance | 4
1| 0 1| 2|3 4| 5
Distli] | 9113 | 0| 3| 4| 8
Parentld) | 5| 2|-1| 2| 3| 4
InTheTreeli) | F| F| T |T|T|T
Total Distance | 8
| 0 11 2|3 4|5
Distli] | 9 /12| 0| 3| 4| 8
Parent[d| | 5| 0|-1| 2| 3| 4
InTheTreeld) | T| F| T |T|T|T
Total Distance | 9

Because Dijkstra’s algorithm terminates after only n — 1 stages, the algorithm is complete and we add
Node 1 for a final cost/distance of 12.
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For C' = 30, we can instantly discard ¢ = 1 since its weight is > 30. Then, we’ll add ¢ = 2, 3,4, 6 for
w =29 and v = 95. That leaves ¢ = 0,7 as options, and to choose the higher value, we chose %th of i =0
for a v = 2. We've met our capacity with a final value of v = 97.

@ Design and analyze an algorithm MultInt for multiplying large integers.

The problem of dealing with arbitrarily large polynomials is similar to the problem of arbitrarily large
integers. Thus, assuming that the integers have the same number of digits, we can base our algorithm on
PolyMultl and instead of splitting polynomials, we will just split the integer, and instead of multiplying
by x, we use our base-10. Therefore, PolyMultl will be transformed into MultInt with integers

A = aj + az10%+, B = by + by10? and the analysis is also the same as PolyMultl with W(n) = ©(n!°923)

function Multint(A, B,n) recursive
Input: A=Largelnt, B=Largelnt, n=positive int (length of A,B)
Output: AB (product)
if n =1 then
return(AB)
else
d <+ [n/2]
Split(A, ay,az)
Split(B, bl, b2)
C + MultInt(as, ba,d)
D + Mult[nt(a1 + ag,bl + bg,d)
E + MultInt(ay,b1,d)
return(10%¢C + 104D — C — E) + E)
end if
end MultInt
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Verify Proposition 8.4.4.
To verify this, we need the following to hold:

AB — [ ago  ao1 ] [ boo  bo1 }

a0 aii bio b11
_ [ apoboo + ao1bio  agobor + ap1b11 } _ [ my +mg —ms +my ms3 +ms
| awoboo + airbio  aiobor +abin | ma + my m1 +ms3 — ma + mg
Where m, is defined in the following;:
my = (ago + a11)(boo + b11)
ma = (a0 + a11)(boo)
m3 = (ago)(bo1 — b11)
my = (a11)(b1o — boo)
ms = (aoo + ao1)(b11)
me = (@10 — aoo)(boo + bo1)
my = (ap1 — a11)(bio + bi1)
Thus, expanding the last matrix, we have:
my+mg—ms+my = (ago + a11)(boo + b11) + (a11)(bio — boo) — (a0 + ao1)(b11) + (@01 — a11)(bio + b11)

= agoboo + aoobi1 + a11boo + a11b11 + a11b10 + ap1b11 + ao1bio
— agobi1 — a11boo — a11b11 — a11b1o — ap1bi1

= agoboo + ao1b10

ms+mb = (ago)(bor — b11) + (ago + ao1)(b11)
= agobor — aoobi1 + agobi1 + ap1biy

= agobo1 + ao1b11

me+ma = (a0 + a11)(boo) + (@11)(b1o — boo)
= agp1boo + a11boo + a11b10 — a11boo

= ag1boo + a11b10

my +m3 —ma+me = (ago+ ai1)(boo + b11) + (aoo)(bo1 — b11) — (a10 + a11)(boo) + (@10 — aoo)(boo + bo1)
aooboo + aoob11 + a11boo + a11b11 + agobor + aioboo + ai0bo1
—agoboo — apob11 — a11boo — agobo1 — a10boo
= a1obo1 + a11b11
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g

—~

T 7 5
= (Aoo + A11)(Boo + Bi1) = [ 5 3 ] [ 4

my = (ago + a11)(boo + b11) = 10 x 6 = 60

mo = (am + all)(boo) =8x5=40

ms = (aog)(b(n — bll) =7x1=7

my = (au)(blo — boo) =3 X (—1) =-3

mys = (GOO + a01)(b11) =14x1=14

me = (al() - a00)<b00 + bm) = (—2) xX7=-14

my = (CLOl — a11)(b10 —|—b11) =4x5=20

[m1+m4—m5+m7 ms + ms }[63 21]
! mo + My mi + ms — mo + Mg 37 13

M, (A0+A11)(Boo):[§ ng i}

my = (aoo + a11)(boo + b11) =12
ma = (a0 + a11)(boo) =

ms3 = (ago)(bor — b11) =

my = (a11)(bio — boo) =

ms = (ago + ao1)(b11) = 11

me = (@10 — aoo)(boo + bo1) = —12
my = (ap1 — a11)(bio +b11) =1

mi1 +my —ms +mry ms + ms 0 19
Ay e |70 Y
m2+m4 m1+m3 m2+m6 0 8
M3z = (Aoo)(Bo1 — Bi1) = [ § 8 ] [ _i _11 }
= (aoo + a11)(boo + b11) = —10
= (a10 + a11)(boo) = —12
= (ago)(bor — b11) =
m4 = (a11)(b1o — boo) =
= (aoo + ao1)(b11) =
= (
=(

a0 — aoo)(boo + bm) -3
ap1 — a11)(b10 + bn) =0

: mi 4+ myg —ms +mry ms + ms }[ -8 2}
mo + My mi + ms — mo + Mg —-12 3
My = (A11)(Bio — Boo) = { g ; ] [ 2 02 }
my = (aoo + a11)(boo + b11) = 24
ma = (a0 + a11)(boo) = 15
mg = (aoo)(bo1 — b11) = —10
my = (a11)(b1o — boo) =
ms = (ago + ao1)(b11) =
me = (a10 — aoo)(boo + 501) =-3
my = (ao1 — a11)(bio + b11) =24
mi + myg — ms + mry ms + ms 57 —10
:[ I Py
mo + My mi + ms meo + Mg 24 4

= (Ago + A01)(B11) = [ g }1 } [ Z 8 }
my = (ago + a11)(boo + b11) = 35
mo = (CL 10 + all)(boo) = 35
mg = (ago)(bo1 — b11) =0
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my = (a11)(b1o — boo) = —4
ms = (ago + ao1)(b11) =0
me = (a10 — ago)(boo + bo1) = 0
my = (apr — a11)(bro + b11) = —12
m1+m4—m5+m7 m3+m5 19 O
[ [ eeme |7 a1 0
mo + My my 4+ ms —mo + Mg 31 0
= (A10 — Aoo)(Boo + Bo1) = { 33 14 } { (1) 8 }
my = (ago + a11)(boo + b11) =2
ma = (a10 + a11)(boo) =
m3 = (ago)(bor — b11) =
my = (a11)(bio — boo) =
ms = (ago + ao1)(b11) = 0
m6 (a10 — ago)(boo + bo1) = —16
= (ap1 — a11)(bio +b11) =0

_ mi +my —ms +my ms3 +ms
6 ma + my mi + ms —mg + mg
0
1

M7 = (Aor — A11)(Bio + Bi1) = { :;L _16 } { 10 }

my = (ago + a11)(boo + b11) = —27
ma = (a0 + a11)(boo) = 8
mg = (ago)(bo1 — b11) =
my = (a11)(bio — boo) =
= (aoo + ao1)(b11) = *10
me = (a10 — aoo)(boo + bo1) = 16
= (ap1 — a11)(bio +b11) =77

_ m1 + myg —ms + my ms + ms | —92 -6
T ma + My mi+mg—mo+mg | | —6 1

AB:[M1+M4_M5+M7 M3 + M; }

My + My My + Mz — My + Mg

[ (63457 —19—-92) (21 —10—6) (—-8+19) (2+0)
| 374+24-31-6) (13—-441) (—12 4 31) (3+0)
- (0+57) (19 — 10) (63—8+0+1) (21+2-19+3)
i (0 +24) (8 —4) (37—-12-0-3) (13+3-8-9)
(9 5 11 2
| 24 10 19 3
T | 57T 9 56 7

[ 24 4 22 -1

10



